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Patty paper
Graphing Technology

Inverses of Linear and Quadratic Functions

Lesson Overview

Students are introduced to the inverse of a function. A Worked Example highlights how to determine
the inverse of a linear function algebraically. Students use this example to determine other inverses
of functions. They then create the graph of the inverse of a linear function by reflecting the original
function across the line y = x using patty paper. This process is repeated for quadratic functions.
The term one-to-one function is defined, and students determine whether the inverse of a function is
also a function. A graphic organizer is completed to summarize the definition and representations of
inverses functions.

Algebra 2
Attributes of Functions and their Inverses
(2) The student applies mathematical processes to understand that functions have distinct
key attributes and understand the relationship between a function and its inverse. The
student is expected to:
(B) graph and write the inverse of a function using notation such as f~'(x).
(C) describe and analyze the relationship between a function and its inverse (quadratic and
square root, logarithmic and exponential), including the restriction(s) on domain, which will
restrict its range.

ELPS
1A, 1.0, 1.E1G,2C 2D, 2G,2H, 21, 3A,3.8,3.C 3D,3.F4A 4B,4C 4G,4K 5B,5E

Essential Ideas

Inverses of functions can be determined algebraically and graphically.

+ The inverse of a function is determined by replacing f(x) with y, switching the x and y variables,
and solving for y.

+ The graph of the inverse of a function is a reflection of that function across the line y = x.

+ To restrict the domain of a function means to define a new domain for the function that is a
subset of the original domain.
A one-to-one function is a function in which its inverse is also a function.
For a one-to-one function f(x), the notation for its inverse is f ~'(x).
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Lesson Structure and Pacing: 3 Days
Day 1

Engage
Getting Started: Inside an Enigma
Students write a coded note using a numeric rule that they devise. They then decode their
classmates’ notes and discuss how the inputs and outputs of the rules they used to decode the
notes compare with those used to encode the notes. Students also discuss why it is important
that the cipher rules they created are functions—that they assign each element of the domain to
exactly one element of the range.

Develop
Activity 3.1: The Inverse of a Function
Students are presented with data about the exchange rate between lira and U.S. dollars. They
complete a table and write an equation to represent the relationship to convert dollars to lira.
They then use their intuitive understanding of inverses to complete a table and write an
equation for the inverse situation, to convert lira to dollars. The inverse of a function is then
formally defined and a Worked Example demonstrates how to determine the inverse of a
function algebraically.
Activity 3.2: Graphing Inverses of Functions
Students begin by graphing the original function from the previous activity along with the line
y = x on patty paper. They reflect f(x) across the line y = x to observe that the inverse of a function
is a reflection of the original function across this line. Students generalize that given
a point (a, b) on the original function f(x), there is a corresponding point (b, a) on the graph of
its inverse.

Day 2
Activity 3.3: Exploring Inverses of Quadratics
Students use patty paper to sketch the graph of the inverse of a quadratic function. A Worked
Example shows how to algebraically determine the inverse. Students reason that the inverse of
a quadratic function is not a function because the square root of any number other than 0 has a
positive and negative value. The term restrict the domain is defined. Students analyze a graph of the
quadratic function and the positive and negative square root. They identify the restricted domain
of the original function to produce each equation of the inverse. Students see that the domain and
range of the inverse of a function is the reverse of the domain and range of an original function.
Activity 3.4: More With Inverses of Quadratics
Students deal with a context involving vertical motion. They restrict the domain based on the
problem situation and graph the function with that restricted domain. Students then graph the
inverse of the function with the restricted domain. This exercise causes students to focus on why
domains are sometimes restricted, to have reasonable inputs for a given context and guarantee
that an original equation and its inverse can both be functions. After algebraically determining
the inverse of the function, students use the inverse to answer questions related to the problem
situation.
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Day 3
Activity 3.5: One-to-One Functions
Students learn that a one-to-one function is a function whose inverse is
also a function. Students create tables of values, plot points, and graph
given functions and their inverses, then determine whether the original
function is a one-to-one function. They conclude that all linear functions,
except for constant functions, have inverses that are functions. A graphic
organizer is used to describe strategies to identify and determine inverses
of functions.

Demonstrate
Talk the Talk: 1-2-1
Students analyze a situation to conclude that not all linear functions
are one-to-one functions. They conclude that linear functions are
sometimes one-to-one functions, exponential functions are always
one-to-one functions, and linear absolute value functions and quadratic
functions are never one-to-one functions.

Getting Started: Inside an Enigma | ENGAGE |

Facilitation Notes

In this activity, students write a coded note using a numeric rule that they
devise. They then decode their classmates’ notes and discuss how the
inputs and outputs of the rules they used to decode the notes compare
with those used to encode the notes. Students also discuss why it is
important that the cipher rules they created are functions—that they assign
each element of the domain to exactly one element of the range.

Ask a student to read the introduction aloud. Discuss the information
as a class.

Have students work with a partner or in a group to complete Questions

1 through 4. Share responses as a class.
Misconception
Students may assume the decoding rules are limited to using one
operation because of the example. Mathematical rules are not limited to
one operation. They can be written using multiple operations such
as 2x + 3; it will just be more time consuming to decode the rule that
was applied.

LESSON 3: The Ol Switcharoo -+ 3



DEVELOP

Questions to ask
+ What substitution cipher rule did you use?

What operation(s) did you use in your substitution cipher rule?
How many operations can you use in a substitution cipher rule?

Is your substitution cipher rule a function?

What would happen if an element of the domain could be assigned
to more than one element of the range?

Summary

A function can take the outputs of another function as its inputs.

Activity 3.1

The Inverse of a Function

Facilitation Notes

In this activity, students are presented with data about the exchange rate
between lira and U.S. dollars. They complete a table and write an equation
to represent the relationship to convert dollars to lira. They then use

their intuitive understanding of inverses to complete a table and write an
equation for the inverse situation, to convert lira to dollars. The inverse of a
function is then formally defined, and a Worked Example demonstrates how
to determine the inverse of a function algebraically.

Have students work with a partner or in a group to complete Questions
1 and 2. Share responses as a class.
Differentiation strategies
+ To scaffold support, suggest that students think of a Turkish lira as

they would a quarter. The relationship between quarters and dollars
is the same as the relationship between lira and dollars: 4:1.

- To assist all students, suggest they use variables other than x and y

to avoid confusion as to which variable is the input and which
variable is the output when dealing with inverses.

Questions to ask
+ What operation is used to convert U.S. currency into

Turkish currency?
Is 100 dollars equal to 25 lira or is 100 dollars equal to 400 lira?

+ What variables did you use to write the equation? What does each

variable represent?
Does the equation represent a function?
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Have students work with a partner or in a group to complete Questions 3
through 6. Share responses as a class.

Misconceptions
Students may be confused by use of the term inverse. In the past it
has been associated with the term multiplicative inverse and additive
inverse. Given the expression x, the multiplicative inverse is % and
the additive inverse is —x. Ask the students to explain the difference
between the inverse of a function, the multiplicative inverse, and the
additive inverse.
Students may incorrectly connect an inverse relationship to a
reciprocal relationship due to the equations used in this activity,
f)=4xandf'(x) = %X. This misunderstanding can be dispelled
by providing the students with an example of a different function
and its inverse, e.g., f(x) = x + 8.

Questions to ask
What operation is used to convert Turkish currency into
U.S. currency?
Is 400 lira equal to 100 dollars or 1600 dollars?
Which column in the table represents the input? How do you know?
Did the input and output columns switch places?
Was the input in the initial equation rewritten as the output in the
inverse equation?
Did you switch the variables when you wrote the inverse equation?
What variables did you use to write the inverse equation? What does
each variable represent?
Do you think that the inverse of a function is always a function?

Ask a student to read the information and definition aloud following
Question 6. Analyze the Worked Example as a class.

Have student work with a partner or in a group to complete Question 7.
Share responses as a class.
Questions to ask
Why does it make sense to interchange the input and output values
when writing the inverse of a function?
Why do you have to solve the equation for the output value?

Summary

The outputs of a function are the inputs of its inverse. The inputs of a
function are the outputs of its inverse.
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Activity 3.2 3"(

Graphing Inverses of Functions

Facilitation Notes

In this activity, students begin by graphing the original function from the
previous activity along with the line y = x on patty paper. They reflect f(x)
across the line y = x to observe that the inverse of a function is a reflection
of the original function across this line. Students generalize that given a
point (g, b) on the original function f(x), there is a corresponding point (b, a)
on the graph of its inverse.

Begin by distributing a piece of patty paper to each student. Have students
work with a partner or in a group to read the Worked Example and
complete Questions 1 through 3. Share responses as a class.

Differentiation strategy

To assist all students, do the patty paper activity as a class and do it
without first graphing the inverse of the function. Let the students see the
image that resulted from the reflection across the line y = x before they
actually graph the inverse. Then when they graph the inverse of the original
function, they will notice it is exactly the same line as the reflection image.

As students work, look for

Different methods to place the coordinate plane on the patty paper.
- Students may display the first quadrant or all four quadrants.
+ Students may draw or fold to get the axes.

Misconception
Students may not make the connection between the algebraic method
to determine an inverse and the graphic method to determine an
inverse. When studying transformations, students typically used axes or
other horizontal or vertical lines of reflection. In this situation, they use
a diagonal line of reflection. Ask students why the line y = x is used as
the line of reflection rather than the x- or y-axis. What is the algebraic
method? What is the connection between the reflection line y = x and the
algebraic method?
Questions to ask
+ Where are the x- and y-axes on your patty paper?
+ What points did you use to graph the function f(x) = 4x on your
patty paper?
+ What points did you use to graph the function f(x) = %x on your
patty paper?
+ What points did you use to graph the line y = x on your patty paper?
Does y = 1;)( describe the line y = 4x reflected across the
liney = x?
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What is the slope of the original equation? What is the slope of the
inverse equation?

How is the slope of the original equation related to the slope of the
inverse equation?

Why is there a reciprocal relationship between the slope of the
original equation and the slope of the inverse equation?

Summary

The graph of the inverse of a function is a reflection of that function across
the line y = x.

Activity 3.3

Exploring Inverses of Quadratics

Facilitation Notes

In this activity, students use patty paper to sketch the graph of the inverse
of a quadratic function. A Worked Example shows how to algebraically
determine the inverse. Students reason that the inverse of a quadratic
function is not a function because the square root of every number other
than 0 has a positive and negative value. The term restrict the domain is
defined. Students analyze a graph of the quadratic function and the positive
and negative square root. They identify the restricted domain of the original
function to produce each equation of the inverse. Students see that the
domain and range of the inverse of a function is the reverse of the domain
and range of an original function.

Provide patty paper to students to complete Question 1.

Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
As students work, look for
Missing connections related to the line of reflection y = x. Students may not
understand why this particular line is the line of reflection rather than one of
the axes or any other line on the graph. Practice relating original points and
the points to which they are mapped to help students make this connection.
Connect this understanding to the worked example where students
algebraically determine the inverse function by switching the x and y variables.
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Questions to ask
When the parabola is reflected across the line y = x, what point does
the point (2, 4) map to? Why does this happen?
When graphing the inverse for any function, is the line of reflection
always the line y = x? Why is that the case?
What is the definition of a function?
How does the Vertical Line Test relate to the definition of a function?
Does the graph of the inverse of the quadratic function pass the
Vertical Line Test?
What is the relationship between the domain and range of the
quadratic function and the domain and range of the inverse of
the function?

Analyze the Worked Example. Discuss and complete Question 4 as a class.

Questions to ask
What are the steps for algebraically determining the inverse of a
linear function?
How are the steps for algebraically determining the inverse of
a quadratic function different than the steps for determining the
inverse of a linear function?
Why is the = required?
How does the = relate to the graph of the inverse of the
quadratic function?
Does the square root of a number always have two values? Explain.
Does each x-value have a unique y-value?
Why did you have to use two equations to enter the equation
containing the = symbol?

Ask a student to read the definition aloud and discuss as a class. Have
students work with a partner or in a group to complete Question 5. Share
responses as a class.

Questions to ask
How did you use the graph to write the restricted domain of f(x) = x*?
Why was it important to restrict the domain?

Differentiation strategy

To extend the lesson, give students a transformed quadratic function. Ask
them to determine the domain and range, identify the inverse of the function,
and then determine the domain and range of the inverse of the function. For
example, consider y = x* + 3, where the domain is all real numbers and the
range is y = 3. The inverse of the function is y = + v/ x — 3, where the domain
isx = 3 and the range is all real numbers.
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Summary

Algebraically determining the inverse of a quadratic function is the same
process as determining the inverse of a linear function; however, both
the positive and negative roots must be considered. You can restrict the
domain of a function to create an inverse that is also a function.

Activity 3.4

More with Inverses of Quadratics

Facilitation Notes

In this activity, students deal with a context involving vertical motion.

They restrict the domain based on the problem situation and graph the
function with that restricted domain. Students then graph the inverse of
the function with the restricted domain. This exercise allows students to
focus on why domains are sometimes restricted, to have reasonable inputs
for a given context and guarantee that an original equation and its inverse
can both be functions. After algebraically determining the inverse of the
function, students use the inverse to answer questions related to the
problem situation.

Ask a student to read the introduction aloud. Discuss as a class.
Questions to ask

How tall is the building? How do you know?
Why is there no x-term? What does this mean with respect to the
problem situation?
What is the shape of the graph of the function?
What key characteristics can be identified using the equation?
Does the graph of the equation have a minimum or maximum point?
How do you know?

Have students work with a partner or in a group to complete Questions 1
through 4. Share responses as a class.

Differentiation strategies
To scaffold support, provide a scale for the graph in Question 4.

\Y

Height of Egg (feet)
D
(o]

01 2 3 4 x
Time (seconds)
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- To assist all students, take the opportunity to examine the graph
in Question 4. Use this graph as an example of why sometimes
you cannot see the symmetry of the graph of a quadratic function.
Questions to ask
Does the time depend on the height of the egg, or does the height of
the egg depend on the time?
Why is the range of the function less than or equal to 647
How is the graph of the problem situation different than the graph of
the equation?

Have students work with a partner or in a group to complete Questions 5
through 7. Share responses as a class.
Questions to ask

How did you determine the domain and range of the inverse of
the function?
How did you graph the inverse of the function? Did you use a table
of values or the graph above?
Does the graph of the inverse of f(x) look like the graph of f(x)
reflected across the line y = x?

Have students work with a partner or in a group to complete Questions 8
through 11. Share responses as a class.
Questions to ask

If x = =16y + 64, what does y equal?
Which function, f(x) or its inverse, models the height of the egg
based on the time the egg is in the air? Models the time the egg is in
the air based on the height of the egg?
If you are given the time the egg is in the air and want to determine
the height of the egg, is it easier to use f(x) or its inverse? Why?
If you are given the height of the egg and want to determine the time
the egg is in the air, is it easier to use f(x) or its inverse? Why?
What equation did you use to determine the height of the egg after
1.5 seconds? Why?
What equation did you use to determine the time when the egg is
55 feet in the air? Why?

Ssummary

When a problem requires using a given function to determine the
independent quantity when a dependent quantity is given, determining
the inverse of the original function may be a more efficient way to handle
the situation.
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Activity 3.5 "’

One-to-One Functions

Facilitation Notes

In this activity, students learn that a one-to-one function is a function whose
inverse is also a function. Students create tables of values, plot points,

and graph given functions and their inverses, then determine whether

the original function is a one-to-one function. They conclude that all linear
functions, except for constant functions, have inverses that are functions.
A graphic organizer is used to describe strategies to identify and determine
inverses of functions.

Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Differentiation strategy
To assist all students, provide patty paper to graph the function, and
graph the line y = x. Then have them reflect the function to determine
the graph of the inverse of the function.
As students work, look for
Use of the Vertical Line Test and the Horizontal Line Test. Remind
students that a graph must pass the Vertical Line Test to be considered a
function, and mention that if the graph passes the Horizontal Line Test,
it is a one-to-one function.
Misconception
Students may not understand why the inverse of a function is only
a function when the original function is a one-to-one function. If the
original function is not one-to-one, then the inverse would be mapping y
onto two or more x’s. A good example of a function that is not one-to-one
is any constant function. The inverse of any constant function is a vertical
line which is not a function.
Questions to ask
How did you determine the output for each function?
How did you use the table of values for each function to complete
the table of values for its inverse?
How did you use the equation of the function to write the equation
of its inverse?
Does the graph of each function pass the Vertical Line Test?
If the graph passes the Vertical Line Test, what does this imply?
Does the graph of each function pass the Horizontal Line Test?
If the graph passes the Horizontal Line Test, what does this imply?

LESSON 3: The Ol Switcharoo -
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Have students work with a partner or in a group to complete Questions 2
and 3. Share responses as a class.

Questions to ask

Is y = 6 considered a linear function?
How would you describe the graph of y = 67

+ What is the inverse equation of y = 67
How would you describe the graph of x = 67
Is x = 6 a function?
How would you describe the linear functions that do have
aninverse?
Do all functions have inverses? Why or why not?

+ Will any function that when graphed is symmetrical over y = x have
an inverse that is the same function?

- What is the inverse of the function f{x) = x?

Have students work with a partner or in a group to complete Question 4
Share responses as a class.
Questions to ask
+ Which description involves switching the x and y variables in the
equation before solving for y?
Explain the steps to determine the inverse of a function algebraically.
+ Which description involves reflecting f(x) over the line y = x?
Explain why this reflection method works.
+ Which description involves switching the independent and
dependent variables?
Explain how switching the variables uses the definition of the inverse
of a function.

Summary

Inverses can be described using a table of values, a verbal description, an
equation, and a graph. When a function and its inverse are both functions,
the original function is called a one-to-one function.
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Talk the Talk: 1-2-1

Facilitation Notes

In this activity, students analyze a situation to conclude that not all linear
functions are one-to-one functions. They conclude that linear functions are
sometimes one-to-one functions, exponential functions are always one-to-
one functions, and linear absolute value functions and quadratic functions
are never one-to-one functions.

Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Questions to ask

What special case is Adam overlooking?
Do all lines pass the Vertical Line Test?
How would you describe a line that fails the Vertical Line Test?
What is the equation of a line that has an inverse which is not
a function?
What is the shape of an exponential function?
Do all exponential functions and their inverses pass the Vertical
Line Test?
Do any quadratic functions and their inverses pass the Vertical
Line Test?
What is the shape of an absolute value function?
Do any absolute value functions and their inverses pass the Vertical
Line Test?
Why might it be helpful to use both a Horizontal and Vertical Line
Test to determine whether a function is one-to-one?

Summary

A function is a one-to-one function if both the function and its inverse
are functions.
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The OI’' Switcharoo

Inverses of Linear and Quadratic Functions

Warm Up

Solve each equation.

.2x—=5=97

N

3x+40=280

3. —4x—10=-26

Learning Goals

- Determine the inverse of a given situation using words.

- Determine the inverse of a function numerically using a
table, an equation, and a graph.

- Determine whether given functions are
one-to-one functions.

+Identify function types that are always, sometimes, or never
one-to-one functions.

Key Terms

- inverse of a function
+ one-to-one function
+ restrict the domain

Warm Up Answers

1. x=51
2.x=720
3.x=4

You know that a function takes a set of inputs and maps them to a set of outputs. What happens
when the outputs and inputs are reversed?

LESSON 3: The Ol Switcharoo -
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Answers

1. Answers will vary. GETTING STARTED

2. Answers will vary.
3. The cipher rule should Inside an Enigma

be a function to ) One of the simplest methods of creating a code is called a substitution
ensure that there is no cipher. For a substitution cipher, you can take each letter of the
confusion in decoding. alphabet in numeric order and assign it to a different number using a
If an element of the mathematical rule.

domain (the letters of 89 l10]11]12]13[14]15[16]17]18]19]20[21]22]23]24] 25 26
the alphabet) can be alslc|olelFrlalrli])xleImIn]olPlalR]s|T]ulVIw|x]|Y]|Z
assigned to more than
one element of the

4
N}
w
IN
wn
~

For example, if the cipher were written as x + 4, then L, which is currently
assigned to 12, would be assigned to 12 + 4 = 16, or P, in the code. The

range (numeric values), letter Y, which is currently assigned to 25, would be assigned to 3, or C, in
then the code would be the code. The word “inverse” would have the code “mrzivwi.”
ambiguous.

Cipher: x + 4

4. The inputs of the
decoding rule are the
outputs of encoding

Word Code
inverse mrzivwi

rule, and the OUtpUtS 1. V\Ilrite a sul?stitu;iog.cipher rulel. The: w:iitza short notle toa
. t X te t t
of the decodmg rule :oa::::)::mco e. Give your rule and coded note to a classmate

are the inputs of the
encoding rule. The

functions for encoding
and decoding show 2. Use mathematical notation to write the rule you used to decode

in\/erse OperatIOﬂS your classmate’s note.

3. Why is it important that the substitution cipher rule be
a function?

4. Compare the inputs and outputs of the cipher rule you created
and the rule used to decode your note. What do you notice?

2 - TOPIC 3: Applications of Quadratics

ELL Tip

Define the term enigma as something that is mysterious or difficult to understand. Provide examples
of things that may be considered an enigma, such as a scientific theory, a high-level crossword puzzle,
or a confusing riddle. Once students have read through the activity, encourage a discussion about
why the title of the activity, “Inside an Enigma,” is an appropriate title based on the definition of
enigma. Define the term cipher as a secret way of writing or a code. Examples may include computer
codes, cell phone codes, and Morse code. Discuss the substitution cipher used in the activity and how
it relates to the definition of cipher.

16 - TOPIC 3: Applications of Quadratics
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ACTIVITY

3.1

The Inverse of a Function

Miguel is planning a trip to Turkey. Before he leaves, he wants to exchange
his money to the Turkish lira, the official currency of Turkey. The exchange
rate at the time of his trip is 4 lira per 1 U.S. dollar.

1. Complete the table of values to show the currency

conversion for U.S. dollars to Turkish lira.

2. Write an equation to represent the number of lira in

terms of the number of U.S. dollars.

Answers

1.
u.s. Turkish
Currency | Currency
(dollars) (lira)
100 400
250 1000
400 1600
us.c Turkish
(dolljl.:'ir)‘cy Curr:;clys(lira) 650 2600
100 1000 4000
250
400 2.y =4x
650
7000 3. For the inverse situation,

Suppose at the end of his trip, Miguel needs to convert any remaining lira

to dollars. This situation is the inverse of the original situation.

3. What are the independent and dependent quantities of the
inverse of the problem situation? How do these quantities
compare to the quantities in Question 1?

4. Complete the table of values to show the inverse of

the problem situation.

5. Compare the tables in Questions 1 and 4. What do
you notice?

6. Use the table to write an equation for the inverse of the

problem situation. Does this equation represent a function?
Explain your answer.

ELL Tip

LESSON 3: The OI' Switcharoo -+

Clarify the meanings of the terms currency and exchange rate. Define
currency as a system of money for a country, and exchange rate as the
value of one currency for conversion to another currency.

3

_______________________________________________________________________

_________________________________________________________________________

the dependent quantity
is the amountin dollars,
and the independent
quantity is the amount
in lira. These are the
reverse of the quantities

in Question 1.
4.
Turkish u.s.
Currency | Currency
(lira) (dollars)
400 100
1000 250
1600 400
2600 650
4000 1000

5. The columns are

reversed.

6. y= %x; this equation
does represent a

function.
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Answer

7. fx) = 4x
y=4x
x =4y
y=ax

The inverse is the same
equation that | wrote in
Question 6.

Recall that a function takes an input value, performs some operation(s) on
this value, and creates an output value. The inverse of a function takes
the output value, performs some operation(s) on this value, and arrives
back at the original function’s input value. In other words, an inverse of

a function “undoes” the function.

Worked Example

Given a function, f(x), you can determine the inverse algebraically by
following these steps.

Step 1: Replace the function f(x) with another variable, generally y.
Step 2: Switch the x and y variables in the equation.

Step 3: Solve for y.

7. Use function notation to represent the number of lira f(x) in
terms of the number of U.S. dollars, x. Then complete the steps
shown in the Worked Example to represent the number of U.S.
dollars in terms of the number of lira. Compare the inverse to
the equation you wrote in Question 6. What do you notice?

4 - TOPIC 3: Applications of Quadratics
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Answers

1. Check students' work.
ACTIVITY

Graphing Inverses 2a. They are the same.

2b. The graph of the
inverse of a function

3.2 of Functions

In the previous activity you wrote the inverse of a linear function using is a reflection of the
algebra. Let's consider how to show the inverse of a function using its function across the line
graph. Yy=X
Worked Example Theliney = xis the
Given a function, f(x), you can determine the inverse of a function line of I’GﬂECtIOﬂ of
graphically by following these steps. the function and the

Step 1: Copy the coordinate plane and graph f(x) and the line inverse of the function.

¥ = x onto patty paper.
Step 2: Heavily trace the graph of f(x) with a pencil.

Step 3: Reflect the patty paper across the line y = x, and rub the
paper so that the image of the graph of its inverse appears.

y

-

. Consider the graph of the function .. about:
f(x) = 4x from the previous 800
activity. Complete the steps in
the Worked Example to graph

the inverse using patty paper. 400

4
/
/ How do the algebraic
600 // process and the
/
/
/
/

graphical process
to determine an
inverse compare?

200

200 400 600 800 X

2. Compare the image you created and the graph of the inverse.

a. What do you notice about the image and the graph of
the inverse?

b. What does this tell you about the graph of a function and its
inverse and about the liney = x?
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3a. The corresponding 3. For each function and a given point on the graph of the function,
point on the graph NOTES determine the corresponding point on the graph of the inverse of
. the function.
of the inverse of g(x)
is(2,3).

a. Given that (3, 2) is a point on the graph of g(x), what is the
3b. The corresponding corresponding point on the graph of the inverse of g(x)?

point on the graph of
the inverse of h(x)
is (0, —=1).

3c. The corresponding b. Given that (.—1, 0) .is a point on the graph Pf h(x), what is the
point on the graph of corresponding point on the graph of the inverse of h(x)?
the inverse of f(x)
is (b, ).

c. Given that (a, b) is a point on the graph of f(x), what is the
corresponding point on the graph of the inverse of f(x)?

6 + TOPIC 3: Applications of Quadratics
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Answers

1.
Acrvimy - Exploring Inverses Ay
3.3 of Quadratics
\H I
\
You have determined inverses of linear functions by reflecting a function \ 1/ —+
across the line y = x. Consider the basic quadratic function f(x) = x2. » ] .
D = A 0 iy 'X
1. Use patty paper to reflect f(x) across the liney = x to i 4 i ~
graph its inverse. \\ 8 I’
Vel 8
\\ 4 Il v
2. Explain why the inverse is not a function based on \« /L
its graph. T I 2. Theinverseis not a
function because it
. does not pass the
. Vertical Line Test.
3. What is the domain and range of the function? What is £ 3. For the function:
the domain and range of the inverse of the function? Domain: all real
numbers
Range:y =0
You can determine the equation of the inverse of the basic quadratic For the inverse of the
function f{x) = x? the same way you determined the equation of the function:
inverse of a linear function. Domain:x =0
Range: all real numbers
Worked Example Determining the 4. The inverse is not

fx)=x

So, the equation of the inverse is y = +VXx.

equations of
the inverses of

be explored later in
this course.

a function because
the square root of a

Step 1: Replace f(x) with y. =x? tial functi

P 1:Replace fl withy. - - SHpenerie fincHons number can have two
Step 2: Switch the x and y variables. X =y is a bit more .
Step 3: Solve for y. X =y complicated, and will \/alues, the pOSItIV@

square root and the
negative square root.

4. Explain why the inverse is not a function based on its equation.

LESSON 3: The OI' Switcharoo + 7

LESSON 3: The Ol Switcharoo * 21



Answers

5a.Giveny = x?
Domain:x =0
Range: y=0
Y=
Domain:x =0
Range: y=0
Giveny = x*
Domain:x =0
Range: y=0
Y=
Domain:x =0
Range: y=0

5b.The domain and range
of the inverse are the
reverse of the domain
and the range of the
original function.

5¢. Yes. All the graphs
represent functions.

8

You know that the inverse of f(x) = x?
is not a function. However, you can
restrict the domain of this function

so that the inverse is also a function.
To restrict the domain of a function
means to define a new domain for the
function that is a subset of the original
domain.

5. Consider the graph of f(x) = x?
and the graphs of the two
equations that represent its
inverse.

a. ldentify the restrictions of f(x) = x* to produce the
inverse equations y = VX and y = —vXx. Then state
the domain and range of each inverse.

Restrictions for y = x?
Domain:

Range:

Restrictions for y = x?
Domain:

Range:

y=vx
Domain:
Range:

y=-vx
Domain:
Range:

b. How does the domain and range of the inverse relate to the
restricted domain and range of the original function?

c. Do all the graphs represent functions?

Explain your reasoning.

TOPIC 3: Applications of Quadratics
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1. The independent

vy More with Inverses quantity is the time
3.4 of Quadratics in seconds, and the
dependent quantity is
o o N _ the height of the egg
Marissa is competing in the Egg Drop Competition at her school’s Science in feet
Fair. Competitors in the Egg Drop Competition are required to create a nieet
container in which they place a raw egg, and then drop the container 2. Domain: all real
from various heights to see if the egg breaks. The winner of the contest is numbers
the person whose container is dropped from the greatest height without Range: y= 64
breaking the egg.
3. Based on the problem
Marissa is testing a container she built for the competition. She placed an situation, the domain
egg in her container and dropped it from the roof of a building. The height must be x = 0, because

of the egg can be modeled by the function f(x) = —=16x* + 64, where x

represents the time in seconds. Oﬂ|y posmve values for

time make sense.
1. Define the independent and dependent quantities of f(x).

2. What is the domain and range of f(x) based on its equation?

3. Determine any restrictions on the domain of f(x) based on this
problem situation. Explain your reasoning.

LESSON 3: The OI' Switcharoo + 9
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4,

64
48
32

Height of Egg (feet)

\
16 \

01 2 3 4 x
Time (seconds)

5. Theindependent
quantity is the height of
the egg in feet, and the
dependent quantity is
the time in seconds.

6. Domain:x =64
Range:y =0

Time (seconds)
N WD

N

o

16 32 48 64 X
Height of Egg (feet)

4. Graph f(x) = —16x? + 64 with the restricted domain based on this
problem situation. Be sure to label your graph.

5. Define the independent and dependent quantities of the inverse
of f(x).

6. What is the domain and range of the inverse of f(x) with the
restricted domain?

7. Graph the inverse of f(x) with the restricted domain. You may
use different bounds than you used in Question 4.

10 - TOPIC 3: Applications of Quadratics
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10.

1.

. Explain why the inverse of f(x) with the restricted domain is a

function. Then, write an equation for the inverse.

. Explain what the inverse models in terms of this

problem situation.

After 1.5 seconds, what is the egg’s height? Explain which
function you used and how you determined your answer.

After how many seconds is the egg at a height of 55 feet? Explain
which function you used and how you determined your answer.

LESSON 3: The OI Switcharoo + 11

Answers

8.

10.

1.

The inverse of f(x) with
the restricted domain
is a function because
it passes the Vertical
Line Test.

y== —641_)(or

y==5¢

The original function
has a restricted
domain, so the inverse
includes only the
positive square root:

Inverse of f(x) = 641—6_X
or
Inverse of f(x) = X__1 24.

The inverse of the
function models the
time that the egg is

in the air in seconds
based on its height.
After 1.5 seconds, the
egg's height is 28 feet.
| substituted the value
1.5 into the function

fix).

fx) = —16x° + 64
f(1.5) = —16(1.57 + 64
f1.5) =28

The egg's height is

55 feet at 0.75 seconds.

| substituted the value
55 into the function

[0,
f55) =2 =075

LESSON 3: The Ol Switcharoo + 25



Answer

1a.
ACTIVITY
One-to-One Functions
X f(x) 3 - 5
—2 =12
In this activity, you will determine the inverse of a function using
— -9 multiple representations.
0 -6 1. For each given function, determine the inverse using
each representation.
1 -3 * Complete a table of values for the function and its inverse.
2 0 * Sketch the graph of the function using a solid line. Then sketch
the inverse of the function on the same coordinate plane using
a dashed line.
Inverse of f(x)
* Write an equation for the inverse.
X y AfUmaEien (58 e * Determine whether the function is a one-to-one function.
e e e i Explain your reasoning.
=12 -2 the function and its
inverse are functions. a. f(x)=3x—-6
-9 ~1
X £(x) !
-6 0 - .
Remember: 6
-3 1 =1 4
) . 0 2
0 2 Use a straightedge to 1 =3 1=61=41=2 10,2 41 ¢ x
draw your lines.
AY y 2 4
-] Inverse of f(x) .
PFid
P - > X y
- _é iy 8 X -2
-1
0
\ 1
y=3x—-6 2
X=3y—6
Y 12 - TOPIC 3: Applications of Quadratics
X+6=3y
1 —
x+2=y

Yes. The function f(x) is
a one-to-one function
because both f(x) and
the inverse of f(x) are
functions.
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b. gx)=—x+4

8x)

Inverse of g(x)

X

-8 -6 |-4 -2

0/ 2 . als x

h(x)

-8 -6 -4 -2

Inverse of h(x)

X

Inverse of h(x)

X y
2 -2
2 -1
2 0
2 1
2 2

LESSON 3: The OI Switcharoo - 13

\y No. The function h(x)

is not a one-to-one

function because the

inverse of h(x)is not a

> function.

Answers

1b.
X &(x)
-2 6
-1 5
0 4
1 3
2 2
Inverse of g(x)
X y
6 -2
5 =1
4 0
3 1
2 2
\Y
I IRAND X
Y
y=—x+4
X=-y+4
X—4=—y
—x+4=y

Yes. The function g(x) is
a one-to-one function
because both g(x) and
the inverse of g(x) are
functions.

1c.
X h(x)
-2 2
—1 2
0 2
1 2
2 2
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1d. d. r(x) = |x| y
X r(x)
X r(x) 5
-2 2 -1
0 6 Ay o s 46 X
—1 1 ]
. 4
0 0 6
1 1 Inverse of r(x)
X y
2 2 )
=1
Inverse of r(x) 0
1
X y 5
2 —2 e. s(x)=x>+4
1 - Inverse of r(x) E4
X y
0 0 Y
=1
1 1
0 A T eI Tx
2 2 1 :
AY 2 s
Inverse of s(x)
X y
“Tg & x -
\\ 3
\\
0
A 1
y=I 2
x =1yl

) 14 - TOPIC 3: Applications of Quadratics
No. The function r(x)

is not a one-to-one
function because the
inverse of r(x)is not a

=x"+4
function. Inverse of s(x) oty Y XZ
16 X y \ Vi X __y + 4
3 x—4 :yz
X y 8 -2 ) BEEE o K —d—y
—2 8 > - h F § =l 0% No. The function s(x)
-1 5 4 0 E is not a one-to-one
0 4 5 function because the
0y inverse of s(x)is not a
1 5 8 2 function.
2 8
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2. How can you determine whether an inverse exists given a

linear function?

3. Can alinear function and its inverse be the same function?
If so, provide an example. If not, explain why not.

4. Complete the graphic organizer on the next page. Write the
definition for the inverse of a function. Then describe
how to determine the inverse of a function algebraically,

graphically, and numerically.

For a one-to-one
function f(x), the
notation for its
inverse is f'(x).
The notation for
inverse, f7'(x), does
not mean the same
thing as x'. The
expression x~' can
be rewritten as %;
however, f~'(x) cannot
be rewritten, because
itis only used as
notation. In other

words, f~'(x) # ]%

LESSON 3: The OI Switcharoo - 15

Answers

2. Sample answer.

The only linear functions
for which an inverse
does not exist are
constant functions. For
all other linear functions,
an inverse exists.

. Yes. The inverse of

any function that is
symmetric about

the line y = x will be
equal to the function.
For example, for the
function f(x) = x, the
inverseis f7'(x) = x.
Also, for the function
fx)=—x+1,the
inverseis f'(x) = —x + 1.

. Definition: An inverse

of a function takes the
output value, performs
operations on this value,
and arrives back at the
original function'’s input
value.

Algebraic: To determine
the inverse of a function
using algebra, switch the
x and yvariables in the
equation, and solve
for y.

Graphic: To determine
the inverse of a graph
of a function, reflect the
original graph across
theliney = x.

Numeric: To determine
the inverse of a table

of values, switch the
independent and
dependent values.
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N

Graphical Description
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Answers

1. Stacey is correct. Not all
linear functions are
one-to-one functions.
The inverse of any
horizontal line is a
vertical line, and vertical
lines are not functions.

TALK the TALK gy

1-21

In this lesson, you determined the inverses of linear and quadratic
functions. You also determined whether the inverses were also

functions. 2a. sometimes
Recall that a function is a one-to-one function if both the function and 20. alvvays
its inverse are functions. 2C. never

2d. never

1. Adam and Stacey are working on a homework assignment for
which they must identify all functions that are one-to-one ﬁ
functions. Adam says that all linear functions are one-to- ’
one functions, so they don’t even need to look at the linear
functions. Stacey disagrees, and says that not all linear
functions are one-to-one functions. Who is correct? Explain
how you determined which student is correct.

2. Complete each sentence with always, sometimes, or never.

a. Alinear function is
a one-to-one function.

b. An exponential function is
a one-to-one function.

c. A quadratic function is
a one-to-one function.

d. Alinear absolute value function is
a one-to-one function.
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